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What is a division algebra over a field F?

Definition
Given a field F , a division algebra over F is an associative, unital algebra
over F (i.e. vector space over F with multiplication such that
1AF = Z (A)) and such that all nonzero elements are invertible.
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Classification

What are all of the division algebras over C?

The Brauer Group through the Lens of Crossed Product AlgebrasMarch 24, 2021 4 / 26

dimcD n

a

Suppose D division over Q

d c Dic

Eld field

linearly 1 d d d al
dep la

d is algebraic one Cl

d b c algClosed



Classification

What are all of the division algebras over R?
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Central Simple Algebras over a field F

Definition

Given a field F , a central simple algebra (CSA) over F is an
associative, unital finite dimensional algebra, A, over F such that:

(1) A is central (Z (A) = 1AF )

(2) A is simple (i.e. A has no proper, nontrivial, two-sided ideals.)
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What is the Brauer group?

Definition

The Brauer Group of a field F , denoted Br(F ), is the set of all CSA’s over
F modulo the equivalence relation ⇠, where

A ⇠ B () A⌦F Mn1(F )
⇠= B ⌦F Mn2(F )

for some n1, n2 2 Z>0.
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Equivalence Relation?

We have A ⇠ B () A⌦F Mn1(F )
⇠= B ⌦F Mn2(F ) for some

n1, n2 2 Z>0.
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How is this a group?
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The Opposite Algebra as the Inverse
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Extra Space
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Some Remarks about the Brauer Group
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Let’s build some CSA’s

The Brauer Group through the Lens of Crossed Product AlgebrasMarch 24, 2021 17 / 26

E a finite Galois extension of F

A UoE ofeee
AAE

Need to define multi
a

fefuoco felted eoMoeEG do

E G xG EX



What do we need � : G ⇥ G ! E⇥ to satisfy?
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Extra Space
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Why is A central?
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Extra Space
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Main Connection

Theorem

If E/F is a finite Galois extension with G = Gal(E/F ), then the mapping

⇥E/F : [�] ! [(E ,G ,�)]

is an isomorphism of H2(G ,E⇥) to Br(E/F ).
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